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• From geometry to quantum geometry

• Dichroism and quantum geometry

• Relation to electric conductivity and sum rules
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• Correlated topological insulators : from bulk to edge
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• Quantum system described by Hamiltonian Ĥ(λ) with λ ∈ M

• Some examples :

• 2-level system :

(λ1, λ2) → (θ, φ) ∈ S2 (Bloch sphere)

• Particle moving on 2D lattice :

(λ1, λ2) → (qx, qy) ∈ T2 (first Brillouin zone)

• Many-body system with twisted boundary conditions :

(λ1, λ2) → (θx, θy) ∈ T2 (“twist-angle space”)



• Consider the Hamiltonian Ĥ(λ) with λ ∈ M

• Local eigenstates : Ĥ(λ)|un(λ)⟩ = εn(λ)|un(λ)⟩

• Projection onto a single band εn (adiabatic evolution) :

=⇒ emergent geometric structure
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• Geometry (i) : the curvature (Berry’s geometric phase)

• The Berry curvature (in band εn) :

Ω
(n)
µν (λ) = i

(〈
∂un

∂λµ

∣∣∣∣∂un

∂λν

〉
−
〈
∂un

∂λν

∣∣∣∣∂un

∂λµ

〉)

• Physical manifestation : Hall response in a Bloch band εn(q)

v
(n)
x (q) =

∂εn

∂qx
− Fy Ω

(n)
xy (q) : velocity in Bloch band

• Topological invariant (Chern number or TKNN number) :

ν
(n)
Ch =

1

2π

∫
M

Ω
(n)
µν dλµdλν ∈ Z

Ref : Xiao, Chang and Niu, Rev. Mod. Phys. 82, 1959 (2010)
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• Geometry (ii) : distance between states

• The quantum (Fubini-Study) metric :

gµν dλµdλν = 1− |⟨un(λ)|un(λ+ dλ)⟩|2

• Various physical manifestations :

• Imaginary part of susceptibility (Kubo’s linear response theory)

=⇒ fluctuations & dissipation

• Quantum Fisher information =⇒ Cramér-Rao bound, multi-partite entanglement

• Contributes to transport, superconductivity, optical responses, quantum Hall physics, . . .

Refs : Kolodrubetz et al., Phys. Rep. 697, 1-87 (2017)
Jiabin Yu et al., arXiv :2501.00098 (2025)
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• Metric and curvature united : the quantum geometric tensor (QGT)

G
(n)
µν =

∑
m ̸=n

⟨un|∂λµĤ|um⟩⟨um|∂λν Ĥ|un⟩
(εn − εm)2

(in band εn)

• Quantum metric : g(n)
µν = R

(
G

(n)
µν

)

• Berry curvature : Ω(n)
µν = −2 I

(
G

(n)
µν

)

=⇒ metric and curvature are related (Kähler geometry) !

• Experimental studies of QGT since 2018

=⇒ solid-state qubits, cold atoms, photonics, solid-state materials, ...

Refs : Yu et al. (Jianming Cai’s group), arXiv :1811.12840 (2018)
Asteria et al. (Weitenberg/Sengstock group), arXiv :1805.11077 (2018)
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Dichroism and quantum geometry



• Generic system with Hamiltonian Ĥ(λ) with λ = (λ1, λ2) ∈ M

• Local eigenstates : Ĥ(λ)|Ψn(λ)⟩ = En(λ)|Ψn(λ)⟩

• Prepare system in a local eigenstate (gapped) : |Ψ0(λ)⟩

• Time-modulate a parameter : λµ(t) = λµ + (2E/ℏω) cos(ωt)

• Excitation rate : Fermi’s Golden Rule with δĤ = (E/ℏω)(∂λµĤ)e−iωt + h.c.

=⇒ Γ(ω) =
2π

ℏ

∑
n̸=0

∣∣∣ E
ℏω

〈
n
∣∣∣ ∂Ĥ
∂λµ

∣∣∣0〉∣∣∣2δ(En − E0 − ℏω)

=⇒ Γint =

∫ ∞

0
Γ(ω) dω =

2πE2

ℏ2
gµµ(λ) : quantum Fisher information (F-D theorem)
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• Time-modulate two parameters :

λµ(t) = λµ + (2E/ℏω) cos(ωt)
λν(t) = λν ± (2E/ℏω) cos(ωt)

• Introduce the differential excitation rate : ∆Γ(ω) =
(
Γ+(ω)− Γ−(ω)

)
/2

∆Γint =

∫ ∞

0
∆Γ(ω) dω =

4πE2

ℏ2
gµν(λ)

where gµν(λ) = R[Gµν ] : quantum metric in band E0(λ)

Gµν =
∑
n ̸=0

〈
0
∣∣∣ ∂Ĥ∂λµ

∣∣∣n〉〈n∣∣∣ ∂Ĥ∂λν

∣∣∣0〉
(En − E0)2

: quantum geometric tensor

=⇒ entire quantum metric can be probed by monitoring the Γ’s !

Ref : Ozawa and NG, PRB 97, 201117(R) (2018)
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• Time-modulate two parameters : circular drive in λ-space

λµ(t) = λµ + (2E/ℏω) cos(ωt)
λν(t) = λν ± (2E/ℏω) sin(ωt)

• Introduce the differential excitation rate : ∆Γ(ω) =
(
Γ+(ω)− Γ−(ω)

)
/2

∆Γint =

∫ ∞

0
∆Γ(ω) dω =

2πE2

ℏ2
Ωµν(λ)

where Ωµν(λ) = I[Gµν ] : Berry curvature in band E0(λ)

=⇒ entire quantum geometric tensor can be probed by monitoring the Γ’s !

=⇒ applications in quantum-engineered settings

Ref : Tran, Dauphin, Grushin, Zoller and NG, Sci. Adv. 3, e1701207 (2017)
Ozawa and NG, PRB 97, 201117(R) (2018)
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Relation to electric conductivity and sum rules



• 2D insulator irradiated by circularly-polarized light

E±(ω) = 2E [cos(ωt)1x ± sin(ωt)1y ] = −∂tA(t)

Ax = −(2E/ℏω) sin(ωt), Ay = ±(2E/ℏω) cos(ωt)

• Wave packet in a Bloch band E0(q) at quasimomentum q :

qx(t) = qx + (2E/ℏω) sin(ωt)
qy(t) = qy ∓ (2E/ℏω) cos(ωt)

Ĥ(q) =⇒ ∆Γint =

∫ ∞

0
∆Γ(ω) dω =

2πE2

ℏ2
Ωxy(q) : Berry curvature in Bloch band

• Insulator : completely filled Bloch band

=⇒ ∆Γint/Asyst = (E/ℏ)2 νCh

where νCh = 1
2π

∫
BZ Ωxyd2q : Chern number of band E0(q)

=⇒ dichroic response is quantized by the Chern number

Ref : Tran, Dauphin, Grushin, Zoller and NG, Sci. Adv. 3, e1701207 (2017)
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• 2D insulator irradiated by circular light : Power absorbed (Joule heating)

P±(ω) = 4AsystE2
(
σxx
R (ω)± σxy

I (ω)
)

= ℏω Γ±(ω)

• The differential integrated rate reads

∆Γint/Asyst =
4E2

ℏ

∫ ∞

0

σxy
I (ω)

ω
dω

=
2πE2

ℏ
σH : Hall response (Kramers-Kronig)

• Combined with the result : ∆Γint/Asyst = (E/ℏ)2 νCh

=⇒ σH/σ0 = νCh

=⇒ TKNN obtained through FGR and Kramers-Kronig only !

Ref : NG and Tomoki Ozawa, Comptes Rendus Physique 25, 289 (2024)



• 2D insulator irradiated by circular light : Power absorbed (Joule heating)

P±(ω) = 4AsystE2
(
σxx
R (ω)± σxy

I (ω)
)

= ℏω Γ±(ω)

• The differential integrated rate reads

∆Γint/Asyst =
4E2

ℏ

∫ ∞

0

σxy
I (ω)

ω
dω

=
2πE2

ℏ
σH : Hall response (Kramers-Kronig)

• Combined with the result : ∆Γint/Asyst = (E/ℏ)2 νCh

=⇒ σH/σ0 = νCh

=⇒ TKNN obtained through FGR and Kramers-Kronig only !

Ref : NG and Tomoki Ozawa, Comptes Rendus Physique 25, 289 (2024)



• 2D insulator irradiated by circular light : Power absorbed (Joule heating)

P±(ω) = 4AsystE2
(
σxx
R (ω)± σxy

I (ω)
)

= ℏω Γ±(ω)

• The differential integrated rate reads

∆Γint/Asyst =
4E2

ℏ

∫ ∞

0

σxy
I (ω)

ω
dω

=
2πE2

ℏ
σH : Hall response (Kramers-Kronig)

• Combined with the result : ∆Γint/Asyst = (E/ℏ)2 νCh

=⇒ σH/σ0 = νCh

=⇒ TKNN obtained through FGR and Kramers-Kronig only !

Ref : NG and Tomoki Ozawa, Comptes Rendus Physique 25, 289 (2024)



• Consider linearly polarized light

qx(t) = qx + (2E/ℏω) sin(ωt) =⇒ Γx(ω)

=⇒ Γint
x =

∫ ∞

0
Γx(ω) dω =

2πE2

ℏ2
gxx(q) : metric in the Bloch band

• Insulator : completely filled Bloch band

=⇒ Γint
x + Γint

y =
2πE2

ℏ2
ΩI

where ΩI =
∑

q gxx(q) + gyy(q) : Wannier spread functional

=⇒ Γ’s contain information on spatial localization in Bloch bands

Ref : Ozawa and NG, PRB 97, 201117(R) (2018)
Ozawa and NG, PRR 1, 032019(R) (2019)
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Ref : Ozawa and NG, PRB 97, 201117(R) (2018)
Ozawa and NG, PRR 1, 032019(R) (2019)



• Insulator irradiated by linearly-polarized light : Power absorbed

P±(ω) = 4AsystE2 σxx
R (ω) = ℏω Γ±

x (ω)

• The integrated rates read

Γint
x + Γint

y =
4AsystE2

ℏ

∫ ∞

0

σxx
R (ω) + σyy

R (ω)

ω
dω

• Combined with the result : Γint
x + Γint

y = 2πE2

ℏ2 ΩI

=⇒
∫ ∞

0

σxx
R (ω) + σyy

R (ω)

ω
dω =

π

Asystℏ
ΩI

=⇒ we recover the Souza-Wilkens-Martin sum rule !

Ref : Souza, Wilkens and Martin 62, 1666 (2000)
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Dichroic approach in quantum-engineered systems



• Ultracold atoms in a 2D honeycomb optical lattice with circular shaking :

Ĥ = Ĥlattice + V0 (cos(ωt)x̂± sin(ωt)ŷ)

Ref : Struck et al. (Sengstock group), Science 333, 996 (2011)
Jotzu et al. (Esslinger group), Nature 515, 237 (2014)

• Circular shaking produces Chern bands (νCh=1) + circular probe
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=⇒ first experimental observation : ∆Γint/Asyst = (E/ℏ)2 νCh

• Using a linear-shaking probe =⇒ Wannier spread functional / quantum metric

Ref : Asteria et al. (Sengstock group), Nature Phys. 15, 449 (2019)
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Ĥ = Ĥlattice + V0 (cos(ωt)x̂± sin(ωt)ŷ)
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• Solid-state qubits : Quantum geometric tensor, metrology & topology



Correlated topological insulators : from bulk to edge



• Consider a many-body Hamiltonian in 2D space (size L× L) with PBC

Ĥ =
N∑

a=1

(
[p̂a −A(r̂a)]2

2m
+ V (r̂a)

)
+ Ĥint({ra}),

• Prepare a gapped GS |Ψ0⟩ and study response to circular field

E±(ω) = 2E [cos(ωt)1x ± sin(ωt)1y ] = −∂tA(t)

Ax −→ Ax − (2E/ω) sin(ωt), Ay −→ Ay ± (2E/ω) cos(ωt)

• In flux-space language : Prepare |Ψ0(θ = 0)⟩ and evolve with Ĥ(θx(t), θy(t))

θx(t) = (2EL/ω) sin(ωt), θy(t) = ∓(2EL/ω) cos(ωt)

Ref : NG and Tomoki Ozawa, Comptes Rendus Physique 25, 289 (2024)
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• Dichroic response yields the many-body Berry curvature

∆Γint =
1

2

∫ ∞

0
Γ+(ω)− Γ−(ω) dω =

(
E2L2

ℏ2

)
× 2πΩMB

xy (θ = 0)

• In the thermodynamic limit, θ-dependence vanishes (boundary effect) :

2πΩMB
xy (θ = 0) −→ 2π⟨ΩMB

xy ⟩θ = 2π ×
1

(2π)2

∫
T2

ΩMB
xy (θ) d2θ = νMB

Ch

−→ ∆Γint/A = (E/ℏ)2 × νMB
Ch : quantized topological response !

• For a Chern insulator (non-interacting fermions filling a band) :

νMB
Ch = νCh =

1

2π

∫
FBZ

Ωxy(q) d
2q ∈ Z −→ ∆Γint quantized !

• For a fractional Chern insulator :

νMB
Ch ∈ Q −→ ∆Γint fractionally quantized !

Numerical study on FCIs : Repellin and NG, PRL ’19
• Combined with Kramers-Kronig :

∆Γint/Asyst =
2πE2

ℏ
σH =⇒ σH/σ0 = νMB

Ch

Ref : NG and Tomoki Ozawa, Comptes Rendus Physique 25, 289 (2024)
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• In a confined and isolated system (“QH system in a box”)

σH = 0 =⇒ ∆Γint = 0 (1)

• From the previous analysis (PBC) :

∆Γint
bulk = (E/ℏ)2 × νMB

Ch

=⇒ quantized response requires isolating the bulk contribution !

Ref : Tran, Dauphin, Grushin, Zoller and NG, Sci. Adv. 3, e1701207 (2017)

• From Eq. (1), the edge response is quantized :

∆Γint = ∆Γint
bulk +∆Γint

edge = 0 =⇒ ∆Γint
edge = − (E/ℏ)2 × νMB

Ch

=⇒ can one isolate the quantized edge response?

Ref : Nur Ünal, Alberto Nardin and NG, arXiv :2407.04639
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• Using Wen’s effective theory of low-energy edge excitations

∆Γint
edge

∣∣∣∣
Wen

= − (E/ℏ)2 × νMB
Ch

=⇒ edge dichroic response entirely captured by low-energy modes !

• The quantized edge response can be spatially and energy resolved !

• Numerical studies on various FQH states and edge configurations

Ref : Ünal, Nardin and NG, arXiv :2407.04639
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• Edge dichroism is sensitive to the shape of quantum Hall droplet

• Example : Quantum Hall droplet in an elliptic trap :

Vconf(x, y) = U0

(
e2λx2 + e−2λy2

)
=⇒

S−

S+
= tanh2(λ)

where S± = (ℏ2/2πE2)× (Γint
± )edge

Ref : Ünal, Nardin and NG, arXiv :2407.04639



A recent work with Baptiste and Anaı̈s at LKB (Collège de France)

Baptiste Bermond Anaïs Defossez



• 2D spin systems : topological magnons and dichroism

Ĥ = −J
∑
⟨ij⟩

s⃗i · s⃗j +
∑

⟨⟨ij⟩⟩
D⃗ij · (s⃗i ∧ s⃗j)
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Ref : Bermond, Defossez and NG, arXiv :2504.17374
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