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From geometry to quantum geometry
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transport mismatch —> curvature )



1
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* Quantum system described by Hamiltonian A (X) with A € M

(P

® Some examples :

2-level system :

(M1, A2) = (6, ) € S (Bloch sphere)

Particle moving on 2D lattice :

(M, A2) = (g, qy) € T2 (first Brillouin zone)

Many-body system with twisted boundary conditions :

(M, A2) = (0,0,) € T? (‘twist-angle space”)



e Consider the Hamiltonian () with A € M

® Local eigenstates : H(A)|un(A)) = en(AX)|un(X))
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e Consider the Hamiltonian () with A € M

® Local eigenstates : H(A)|un(A)) = en(AX)|un(X))
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® Projection onto a single band ¢, (adiabatic evolution) :

—> emergent geometric structure



® Geometry (i) : the curvature (Berry’s geometric phase)
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® The Berry curvature (in band ¢,,) :
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® Geometry (i) : the curvature (Berry’s geometric phase)
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® The Berry curvature (in band ¢,,) :
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® Physical manifestation : Hall response in a Bloch band ¢, (q)
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® Geometry (i) : the curvature (Berry’s geometric phase)
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® The Berry curvature (in band ¢,,) :
Q;(ZLL/)()\) . <8un Bun> B <8un Bun>
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® Physical manifestation : Hall response in a Bloch band ¢, (q)

_ Oen _

=SBy (™ (q) : velocity in Bloch band
q

ot (q)

® Topological invariant (Chern number or TKNN number) :
m _ 1 (n) v

Vo = g/M Qu dXANY € Z

Ref : Xiao, Chang and Niu, Rev. Mod. Phys. 82, 1959 (2010)



® Geometry (ii) : distance between states

[unA))Jun (X))
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® The quantum (Fubini-Study) metric :

G ANAX” = 1 — [{un (N)[un (A + dN)) 2



® Geometry (ii) : distance between states
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® The quantum (Fubini-Study) metric :
g AAFANY =1 = [(un(A)|un (X + dX))[2
® Various physical manifestations :

® Imaginary part of susceptibility (Kubo’s linear response theory)

= fluctuations & dissipation
® Quantum Fisher information = Cramér-Rao bound, multi-partite entanglement

® Contributes to transport, superconductivity, optical responses, quantum Hall physics, ...

Refs : Kolodrubetz et al., Phys. Rep. 697, 1-87 (2017)
Jiabin Yu et al., arXiv :2501.00098 (2025)



® Metric and curvature united : the quantum geometric tensor (QGT)
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® Quantum metric : gfﬁ,) = R(Gfﬁ)>
® Berry curvature : Qfﬁ,) = —21(053))

== metric and curvature are related (Kahler geometry)!



Metric and curvature united : the quantum geometric tensor (QGT)

<un|8A,Lg|“m><um|a)\yﬁ‘“n>

o =3
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Quantum metric : g = R(Gfﬁ))
Berry curvature : Qfﬁ,) = —21(05}}))

== metric and curvature are related (Kahler geometry)!

Experimental studies of QGT since 2018

= solid-state qubits, cold atoms, photonics, solid-state materials, ...

Refs : Yu et al. (Jianming Cai’s group), arXiv :1811.12840 (2018)
Asteria et al. (Weitenberg/Sengstock group), arXiv :1805.11077 (2018)



Dichroism and quantum geometry



* Generic system with Hamiltonian A (\) with A = (A1, A2) € M
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® Local eigenstates : H(A)|¥r (X)) = En(A)|¥n(A))



Generic system with Hamiltonian H(X) with A = (A1, A2) € M
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Local eigenstates : H(A)|¥r (X)) = En(A)|¥n(A))
Prepare system in a local eigenstate (gapped) : |¥o(A))

Time-modulate a parameter : A, (t) = A\, + (2€/hw) cos(wt)



Generic system with Hamiltonian H(X) with A = (A1, A2) € M
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Local eigenstates : H(A)|¥r (X)) = En(A)|¥n(A))
Prepare system in a local eigenstate (gapped) : |¥o(A))
Time-modulate a parameter : A, (t) = A\, + (2€/hw) cos(wt)

Excitation rate : Fermi’'s Golden Rule with §H = (£ /hw)(9x, H)e ™! + h.c.



* Generic system with Hamiltonian A (\) with A = (A1, A2) € M

(>

M

* Local eigenstates : H(A\)|Wn (X)) = En(A)|¥n(A))
® Prepare system in a local eigenstate (gapped) : |¥o(A))
* Time-modulate a parameter : A\, (t) = A\, + (2€/hw) cos(wt)

* Excitation rate : Fermi's Golden Rule with 6 H = (£/hw)(0x,, H)e ™! + h.c.

— 2”2‘M< o >‘26(Enonfhw)

guu(X) - quantum Fisher information (F-D theorem)

. oo 21E?
= it :/0 INw)dw = =



® Time-modulate two parameters :

Au(t) = Ay + (2 /hw) cos(wt)
Av(t) = Ay £ (2E/hw) cos(wt)

* Introduce the differential excitation rate : AT'(w) = (I't (w) — '~ (w)) /2



® Time-modulate two parameters :

Au(t) = Ay + (2 /hw) cos(wt)
Av(t) = Ay £ (2E/hw) cos(wt)

* Introduce the differential excitation rate : AT'(w) = (I't (w) — '~ (w)) /2
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® Time-modulate two parameters :

Au(t) = Ay + (2 /hw) cos(wt)
Av(t) = Ay £ (2E/hw) cos(wt)

* Introduce the differential excitation rate : AT'(w) = (I't (w) — '~ (w)) /2

. %) 4 52
art = [ 7 Arw) o = Tomg ()

where g, (A) = R[G .| : quantum metric in band Eg(X)

Gy = 5~ SR (o] 32]0)
. )?

n;ﬁO ( — Eo

: quantum geometric tensor

= entire quantum metric can be probed by monitoring the I"'s !

Ref : Ozawa and NG, PRB 97, 201117(R) (2018)



® Time-modulate two parameters : circular drive in A-space

Au(t) = Ay + (2€ /hw) cos(wt)
A (t) = Ay £ (2E/hw) sin(wt)



® Time-modulate two parameters : circular drive in A-space
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® Time-modulate two parameters : circular drive in A-space

Au(t) = Ay + (2€ /hw) cos(wt)
A (t) = Ay £ (2E/hw) sin(wt)

* Introduce the differential excitation rate : AT'(w) = (I't (w) — '~ (w)) /2

_ 2nE?

ARt — /0 AT (w) dw = ETQ“”O‘)

where Q,,,,(A) = Z[G . ] : Berry curvature in band Eg(X)

= entire quantum geometric tensor can be probed by monitoring the I"'s |

= applications in quantum-engineered settings

Ref : Tran, Dauphin, Grushin, Zoller and NG, Sci. Adv. 3, €1701207 (2017)
Ozawa and NG, PRB 97, 201117(R) (2018)



Relation to electric conductivity and sum rules



¢ 2D insulator irradiated by circularly-polarized light

E4 (w) = 2€ [cos(wt)1s £ sin(wt)ly] = —0: A(t)

Az = — (28 /hw) sin(wt), Ay = £(2E/hw) cos(wt)
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4x(t) = gz + (2€ /hw) sin(wt)
Gy (t) = gy F (2€ /hw) cos(wt)
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H(q) = AT™ = /0 Al (w) dw = ?sz(q) : Berry curvature in Bloch band



¢ 2D insulator irradiated by circularly-polarized light
E4 (w) = 2€ [cos(wt)1s £ sin(wt)ly] = —0: A(t)
Az = — (28 /hw) sin(wt), Ay = £(2E/hw) cos(wt)

* Wave packet in a Bloch band Ey(q) at quasimomentum q :

Gz (t) = gz + (2& /hw) sin(wt)
Gy (t) = gy F (2€ /hw) cos(wt)

. i oo 2 2
H(q) = A"t = / Al'(w) dw = %sz(q) : Berry curvature in Bloch band
0

¢ Insulator : completely filled Bloch band

= A/ Ags = (E/R)2 ven

where von = 5= [, Qayd?q : Chern number of band Eo(q)



¢ 2D insulator irradiated by circularly-polarized light
E4 (w) = 2€ [cos(wt)1s £ sin(wt)ly] = —0: A(t)
Az = — (28 /hw) sin(wt), Ay = £(2E/hw) cos(wt)

* Wave packet in a Bloch band Ey(q) at quasimomentum q :

4x(t) = gz + (2€ /hw) sin(wt)
Gy (t) = gy F (2€ /hw) cos(wt)

. i oo 2 2
H(q) = A"t = / Al'(w) dw = %sz(q) : Berry curvature in Bloch band
0

¢ Insulator : completely filled Bloch band

= A /A = (E/R)? von

where von = 5= [, Qayd?q : Chern number of band Eo(q)

= dichroic response is quantized by the Chern number

Ref : Tran, Dauphin, Grushin, Zoller and NG, Sci. Adv. 3, e1701207 (2017)



® 2D insulator irradiated by circular light : Power absorbed (Joule heating)
Pi(w) = 4Asyst52 (O’ﬁw (w) £ alzy (w))

= hw ¥ (W)



® 2D insulator irradiated by circular light : Power absorbed (Joule heating)
Py (w) = 4AsysiE? (08" (w) £ 07" (w))
= hw T (w)
® The differential integrated rate reads

X 41E£2 oo 4TY
Armt/Asyst _ i oy (w) dw
h 0 w

2mE? .
= 7; oy : Hall response (Kramers-Kronig)
2




® 2D insulator irradiated by circular light : Power absorbed (Joule heating)
Py (w) = 4AsysiE? (08" (w) £ 07" (w))
= hw T (w)
® The differential integrated rate reads

) 4E2 oo 5TV
Armt/Asyst _ i oy (UJ) dw
h 0 w

2mE? .
= 7; oy : Hall response (Kramers-Kronig)
2

e Combined with the result : AT /Ag s = (£/h)? ven
= on /00 = Vch
— TKNN obtained through FGR and Kramers-Kronig only !

Ref : NG and Tomoki Ozawa, Comptes Rendus Physique 25, 289 (2024)



® Consider linearly polarized light

gz(t) = gz + (26 /hw) sin(wt) = Tz(w)



® Consider linearly polarized light
gz(t) = gz + (26 /hw) sin(wt) = Tz(w)

int o 27Tg2 A
= I'M= Iy (w)dw = 7gm,,,;(q) : metric in the Bloch band
0



® Consider linearly polarized light
gz(t) = gz + (26 /hw) sin(wt) = Tz(w)

int ad 27 E? .
= I'M= Iy (w)dw = 7gm,,,;(q) : metric in the Bloch band
0

® Insulator : completely filled Bloch band

2mE?

int int __
= =T

Q1

where Q1 = 3" g22(q) + gyy(q) : Wannier spread functional

= I"s contain information on spatial localization in Bloch bands

Ref : Ozawa and NG, PRB 97, 201117(R) (2018)
Ozawa and NG, PRR 1, 032019(R) (2019)



® |nsulator irradiated by linearly-polarized light : Power absorbed

Pi (w) = 414s,ystg2 Uﬁz (w) = mr;;t(w)



® |nsulator irradiated by linearly-polarized light : Power absorbed
Py (w) = 4Asyst €2 052 (W) = hw TE (w)

® The integrated rates read

dw

rint | pint _ AAsysi 2 /oo o’ (W) + o’ (w)
x Y
0

h
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® |nsulator irradiated by linearly-polarized light : Power absorbed
Py (w) = 4Asyst €2 052 (W) = hw TE (w)

® The integrated rates read

int int _
Dt = S dw

4AgystE2 /00 o (W) + o (W)
0 w

* Combined with the result : It + [int = 2’;;252 O

00 STT vy
:>/ W TR g, T o
0 w Asysth

= we recover the Souza-Wilkens-Martin sum rule!

Ref : Souza, Wilkens and Martin 62, 1666 (2000)



Dichroic approach in quantum-engineered systems



® Ultracold atoms in a 2D honeycomb optical lattice with circular shaking :

H = Hiice + Vo (cos(wt)& = sin(wt)y)

Ref : Struck et al. (Sengstock group), Science 333, 996 (2011)
Jotzu et al. (Esslinger group), Nature 515, 237 (2014)



® Ultracold atoms in a 2D honeycomb optical lattice with circular shaking :

H = Hiice + Vo (cos(wt)& = sin(wt)y)

Ref : Struck et al. (Sengstock group), Science 333, 996 (2011)
Jotzu et al. (Esslinger group), Nature 515, 237 (2014)

e Circular shaking produces Chern bands (vc;, =1) + circular probe



® Ultracold atoms in a 2D honeycomb optical lattice with circular shaking :

H = Hiice + Vo (cos(wt)& = sin(wt)y)

Ref : Struck et al. (Sengstock group), Science 333, 996 (2011)
Jotzu et al. (Esslinger group), Nature 515, 237 (2014)

e Circular shaking produces Chern bands (vc;, =1) + circular probe

rates (Hz)

+ —_
2 E E/ % = VG = 0.9(1)
0 : s

0 500 1000 1500 2000
spectro frequency (Hz) Optical density (a.u)

— first experimental observation : AT /Ag . = (£/h)% von

Using a linear-shaking probe = Wannier spread functional / quantum metric

Ref : Asteria et al. (Sengstock group), Nature Phys. 15, 449 (2019)



® Solid-state qubits : Quantum geometric tensor, metrology & topology

PHYSICS

TOPOLOGICAL PHYSICS

A synthetic monopole source

Experimental measurement of the quantum geometric
tensor using coupled qubits in diamond
Min Yu'-2, Pengcheng Yang'-%f, Musang Gong'-2, Qingyun Cao®'-Z, Qiuyu Lu'2,

Haibin Liu'-2, Shaoliang Zhang'-%*, Martin B. Plenio®Z, Fedor Jelezko®2, of Kalb-Ramond field in diamond

Tomoki Ozawa®, Nathan Goldman®-* and Jianming Cai'2-* Mo Chen (74 )21, Changhao Li“*+, Giandomenico Palumbo®3, Yan-Qing Zhu's,
Nathan Goldman', Paola Cappellaro*>©*
PHYSICS

ARTICLE ~ OPEN B oot waems N " N

Quantum Fisher information measurement and verification of Experimental demonstration of topological bounds

the quantum Cramér-Rao bound in a solid-state qubit in quantum metrology

Min Yo', Yu L', Pengcheng Yang', Musang Gong', Qingyun Coo'2 Shaolisng Zhang',Haibn L', Markus Heyl &' Min Yu' 2, Xiangbei Li'2, Yaoming Chu'%*, Bruno Mera®*, F. Nur Unal**,

fomoki Ozawa €1, Nathan Goldman*™ and Jianming Cai'”*
Tomekd O G tan & Janming Pengcheng Yang'2, Yu Liu2, Nathan Goldman®-* and Jianming Cai' 28.*

Experimental Measurement of the Quantum Metric Tensor and Related Topological
Phase Transition with a Superconducting Qubit

Xinsheng Tan,"” Dan-Wei Zhang,>" Zhen Yang,' Ji Chu,' Yan-Qing Zhu,' Danyu Li,' Xiaopei Yang,' Shuging Song,'
Zhikun Han,' Zhiyuan Li,' Yugian Dong,' Hai-Feng Yu,' Hui Yan,? Shi-Liang Zhu,"** and Yang Yu'*
'National Laboratory of Solid State Microstructures, School of Physics, Nanjing University, Nanjing 210093, China
*Guangdong Provincial Key Laboratory of Quantum Engineering and Quantum Materials, GPETR Center for Quantum Precision
Measurement and SPTE, South China Normal University, Guangzhou 510006, China



Correlated topological insulators : from bulk to edge



® Consider a many-body Hamiltonian in 2D space (size L x L) with PBC

X o — A(fq)]2 X
A=Y (w + v(m) + B ({ra}),

2m



® Consider a many-body Hamiltonian in 2D space (size L x L) with PBC

X o — A(fq)]2 R X
=3 (W + v(ra)) + B ({ra}),

® Prepare a gapped GS |¥() and study response to circular field
E4 (w) = 2€ [cos(wt)1y £ sin(wt)1ly] = —0; A(t)

Az — Az — (28 /w)sin(wt), Ay — Ay £ (2€ /w) cos(wt)



® Consider a many-body Hamiltonian in 2D space (size L x L) with PBC

A Pa — A(#4)]? N
=30 (P20 4 vie)) 4 (i),
prt 2m
® Prepare a gapped GS |¥() and study response to circular field
E4 (w) = 2€ [cos(wt)1y £ sin(wt)1ly] = —0; A(t)

Az — Az — (28 /w)sin(wt), Ay — Ay £ (2€ /w) cos(wt)

e In flux-space language : Prepare |¥( (6 = 0)) and evolve with H(0,,(t), 0, (t))

0(t) = (26L/w) sin(wt), 0y (t) = F(2EL/w) cos(wt)

0, (t) ~F cos(wt)

0, (t) ~ sin(wt)

Ref : NG and Tomoki Ozawa, Comptes Rendus Physique 25, 289 (2024)



® Dichroic response yields the many-body Berry curvature
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® Dichroic response yields the many-body Berry curvature

X oo £212
Arint — %/0 I (W) = T (@) dw = ( _ ) x 27 OMB (9 = 0)

® In the thermodynamic limit, 8-dependence vanishes (boundary effect) :
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— AT™M/A = (£/R)? x v8P : quantized topological response!



® Dichroic response yields the many-body Berry curvature
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® In the thermodynamic limit, 8-dependence vanishes (boundary effect) :

1
MB g _ MB MB 2 MB
27"sz (6=0) — Zﬂ(sz Jo =27 X (2m)?2 /2 sz (0)d“0 = v¢y,

— AT™M/A = (£/R)? x v8P : quantized topological response!
® For a Chern insulator (non-interacting fermions filling a band) :

1
MB
VCh = VCh = _—

Quy(q) d’°q € Z — AT™ quantized !
27 JFBZ



Dichroic response yields the many-body Berry curvature

. oo 82L2
Arint — %/0 I (W) = T (@) dw = ( _ ) x 27 OMB (9 = 0)

In the thermodynamic limit, 8-dependence vanishes (boundary effect) :

1
MB g _ MB MB 2 MB
27"sz (6=0) — Zﬂ(sz Jo =27 X (2m)?2 /2 sz (0)d“0 = v¢y,

— AT™M/A = (£/R)? x v8P : quantized topological response!
For a Chern insulator (non-interacting fermions filling a band) :

1
MB
VCh = VCh = _—

Quy(q) d’°q € Z — AT™ quantized !
27 JFBZ

For a fractional Chern insulator :

V3B € Q — AT™ fractionally quantized !

Numerical study on FCls : Repellin and NG, PRL "19



Dichroic response yields the many-body Berry curvature

. oo 82L2
Arint — %/0 I (W) = T (@) dw = ( _ ) x 27 OMB (9 = 0)

In the thermodynamic limit, 8-dependence vanishes (boundary effect) :

1
MB g _ MB MB 2 MB
27"sz (6=0) — Zﬂ(sz Jo =27 X (2m)?2 /2 sz (0)d“0 = v¢y,

— AT™M/A = (£/R)? x v8P : quantized topological response!
For a Chern insulator (non-interacting fermions filling a band) :

1
MB
VCh = VCh = _—

Quy(q) d’°q € Z — AT™ quantized !
27 JFBZ

For a fractional Chern insulator :

V3B € Q — AT™ fractionally quantized !

Numerical study on FCls : Repellin and NG, PRL "19
Combined with Kramers-Kronig :

: 2w€
AFmt/Asyst = = og = ou/oo0 = Vg/[hB

Ref : NG and Tomoki Ozawa, Comptes Rendus Physique 25, 289 (2024)



® In a confined and isolated system (“QH system in a box”)

oy =0= A" =0



® In a confined and isolated system (“QH system in a box”)

on=0= AT™ =0 (1)

® From the previous analysis (PBC) :

AFLnutlk = (5/5)2 X VgIhB

= quantized response requires isolating the bulk contribution!

Ref : Tran, Dauphin, Grushin, Zoller and NG, Sci. Adv. 3, €1701207 (2017)



® In a confined and isolated system (“QH system in a box”)

oy =0= A" =0 1)
® From the previous analysis (PBC) :
AT = (E/h)* x Vg[hB

= quantized response requires isolating the bulk contribution!

Ref : Tran, Dauphin, Grushin, Zoller and NG, Sci. Adv. 3, €1701207 (2017)

® From Eq. (1), the edge response is quantized :

Armt AFt)nutlk + Alﬂerz‘itge =0 == AF(ierc‘ltge = (g/h) X Vg/lhB

= can one isolate the quantized edge response ?

Ref : Nur Unal, Alberto Nardin and NG, arXiv :2407.04639



® Using Wen'’s effective theory of low-energy edge excitations

AI-‘iertlitge == (S/h)z X Vg[hB

= edge dichroic response entirely captured by low-energy modes!
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® Using Wen'’s effective theory of low-energy edge excitations

arin | = (e/m? <P
‘Wen

= edge dichroic response entirely captured by low-energy modes!

MB

0 ven
_llEd
~ 8¢
<
Bulk
A A
=)
g 0 -
\3 —//_
.."I—I'... 3'30_ /. _MB
T w

® The quantized edge response can be spatially and energy resolved !

* Numerical studies on various FQH states and edge configurations

Ref : Unal, Nardin and NG, arXiv:2407.04639



® Edge dichroism is sensitive to the shape of quantum Hall droplet

e Example : Quantum Hall droplet in an elliptic trap :

S_
Veont (2,) = Up (2% 1 7y?) - = = = tanb®()

where St = (h2/27E2) x (T''*)cqge

g 5, 0.5¢-0-0-0- 00 -0-0-
(a) TAS/A o
0 (b) Theory - -
M
30 0.04 [(¢) S_/S; o
Th -
0.02 eory
-8 5 g 05 - o
z/lp A

Ref : Unal, Nardin and NG, arXiv:2407.04639



A recent work with Baptiste and Anais at LKB (College de France)

Baptiste Bermond Anais Defossez



® 2D spin systems : topological magnons and dichroism

Dzyaloshinskii-Moriya interaction




® 2D spin systems : topological magnons and dichroism

(i3) ((ig))
E/J
6 .
\/(:\/ OH+(t) = 2¢ & cos (wt) £ §sin (wt)]
. § S
S

2 ‘ T=— E ;8%
- vep =1 - 773
Dzyaloshinskii-Moriya interaction J

® Driven-dissipative preparation and the local marker

6Hpump = HUB Z B] <€iw0t87 + h.C‘)
J

o
1
0

! global losses
2 C(F)
3

4

A it |
01 23 45 6 7h/J 0

Ref : Bermond, Defossez and NG, arXiv:2504.17374
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Kahler geometry: From topological quantum matter to quantum field theories

The primary objective of this Workshop is to foster dialogue and

across diverse hysics to condensed matter

physics. In paracular we wil discuss the role of Kehler ainictures in topological quantum matter; quantur geometly and optical rsponses in quantum matter

supersymmetry; string theory; geometric quantization and gravity.
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